We demonstrate how virtual scattering of laser photons inside a cavity via two-photon processes can induce controllable long-range electron interactions in two-dimensional materials. We show that laser light that is red(blue)-detuned from the cavity yields attractive(repulsive) interactions, whose strength is proportional to the laser intensity. Furthermore, we find that the interactions are not screened effectively except at very low frequencies. For realistic cavity parameters, laserinduced heating of the electrons by inelastic photon scattering is suppressed and coherent electron interactions dominate. When the interactions are attractive, they cause an instability in the Cooper channel at a temperature proportional to the square root of the driving intensity. Our results provide a novel route for engineering electron interactions in a wide range of two-dimensional materials including AB-stacked bilayer graphene and the conducting interface between LaAlO3 and SrTiO3.
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Introduction. Engineering material properties on demand is widely considered as one of the central goals of modern condensed matter physics [1] . This can be achieved by static means, for instance by exfoliating materials into single atomic layers and combining them into van der Waals crystals [2] or by subjecting them to external stimuli such as pressure [3] , strain [4, 5] , or external static fields. More recently, the dynamical manipulation of material properties by optical fields has gained a lot of attention [6, 7] . Strong laser pulses have been employed to induce metal-insulator transitions [8, 9] , synthetic magnetic fields [10] and to melt striped phases [11] [12] [13] or charge density waves [14, 15] . Strong excitation of specific phonon modes can even give rise to transient superconducting-like phases [16] [17] [18] .
The coupling to shaped quantum vacua of cavities has been used to change molecular properties [19] [20] [21] [22] [23] , reduce quasiparticle lifetimes in 2D electron gases [24] or drastically enhance the critical temperature of superconductors [25] . A growing number of theoretical works investigates this situation [26] [27] [28] [29] [30] [31] [32] , where the competition between strong cavity and electron interactions has the potential to manifest in fascinating new physics. For example, in [31] some of us showed how the substantial subwavelength confinement of the cavity field in nanoplasmonic terahertz cavities [33] [34] [35] can give rise to strong, cavitymediated electron interactions. A significant drawback of this proposal is the lack of external dynamical experimental controllability of the properties of the interaction potential.
In this Letter, we combine adjustable external laser driving with the terahertz cavity's shaped vacuum fluctuations to overcome this limitation and create a novel type of controllable long-range electron interactions in (a) The setup: a 2D material (indicated by the square lattice) on a substrate (yellow) is coupled to a complementary split-ring cavity (gray) [36] , whose electric field is represented by the blue arrows with thickness proportional to the field strength. The coupled system is driven by a laser field (schematically shown by the red shading) with wavevector qL z-axis and frequency ωL detuned from the cavity frequency ωc. (b) The mechanism of inducing interactions between two electrons (green spheres). Laser(cavity) photons are represented by red(blue) wavy arrows and the green balls are electrons. The red(blue) shading symbolizes the laser(cavity) field. 2D materials. Importantly, these interactions are manipulated by the parameters of the driving laser: their strength is proportional to the laser intensity I d and inversely proportional to the detuning δ c = ω c − ω L (ω c is the cavity frequency and ω L is the driving frequency), which allows us to tune them to be attractive or repulsive by changing δ c . Intuitively they can be thought of as the result of inelastic scattering processes in which the intermediate state is dressed by the cavity. Strong coherent driving is essential to ensure that the two-photon diamagnetic scattering from which the interactions arise dominates over other (one-photon paramagnetic) processes, while the strong coupling to the cavity field is needed to enhance these interactions but not laser-induced heating processes. Another advantage of interactions arising from two-photon diamagnetic processes is that the they can be induced in a wide range of materials. Here we con-arXiv:2003.05319v1 [cond-mat.mes-hall] 10 Mar 2020 sider 2D electron gas as a prototypical system. We use sets of parameters consistent with semiconductor quantum wells, gated bilayer graphene (BLG) [37] and the interface between lanthanum aluminate and strontium titanate (LAO/STO) [38] in the normal phase. The latter two are tunable 2D electron gases that can be adjusted arbitrarily close to a spontaneous superconducting instability and exhibit correlated electron phenomena, potentially making the physics even richer. Using these examples, we show that the interactions are long-ranged and not effectively screened by the electrons. In the attractive regime, we find that they give rise to an instability in the Cooper channel at experimentally observable temperatures.
Setup. We consider the setup shown in Fig. 1(a) . A 2D electron system lies in the xy-plane inside a substrate material with relative permittivity r . It is coupled to the evanescent field of a complementary split-ring cavity which sits on top of the substrate material, as e.g. in Ref. [36] . This type of cavity is well described by a singlemode light field and has been reported to exhibit very strong vacuum fluctuations [39] due to its small cavity mode volume, V c = Λλ 3 , where λ is the wavelength of the light mode in the substrate material and Λ is the mode volume compression factor. Values of Λ = 2.5/8×10 −5 or even smaller have been reached in experiments as well as simulations [36, 40] . It has also been demonstrated that the cavity is highly reflective only for a narrow bandwidth of frequencies of light near its resonance, ω c , and fairly transparent otherwise. We note that due to the small sizes of available bilayer graphene samples, LAO/STO may be more straightforwardly integrated into a cavity that extends several hundred microns in size. Furthermore, because LAO/STO structures are insulating at frequencies above the plasma frequency, dissipation may be managed better in these systems than in the graphene structures.
For simplicity, we thus model the cavity as supporting a single mode and perfectly transparent to all frequencies away from ω c . The cavity field is described by a vector potential A c (r) = 2e y /V c 0 r ω c cos(q 0 x) b + b † , where e y is the unit vector in y-direction, q 0 = ω c √ r /c with c the speed of light in vacuum, 0 the vacuum permittivity and b the bosonic annihilation operator for the cavity photon. The cavity-matter system is driven by a strong laser that we describe by an oscillating classical field with vector potential
where q L is the laser photon wavevector and t is the time. The laser frequency ω L = ω c − δ c lies outside of the cavity reflectivity window, such that the driving field interacts directly with the electronic system.
The coupled cavity-electron Hamiltonian in the Coulomb gauge reads (see SM for the derivation),
Here p j and r j are the momentum and position operators of electron j with bare mass m, V bg is the static potential due to the positive background, H Coul is the Coulomb interaction between the electrons and H cav = ω c b † b is the unperturbed cavity Hamiltonian. We assume that the singleelectron physics arising from the first part of the Hamiltonian [Eq.
(1)] is described by a single band. The first term in Eq. (1) also yields one-photon paramagnetic (p · A) and two-photon diamagnetic (A 2 ) interactions between the transverse light fields and the electrons. In Eq. (1) we have neglected the explicit description of environmental EM field modes, though we have checked that for the parameters we consider their main influence-inelastic scattering of laser photons into the environment-does not heat the electrons significantly. This is because the engineered interactions scale as 1/(Λδ c ) [see Eq. (4)] whereas the inelastic scattering rate scales as 1/ω L 1/(Λδ c ) (see SM) and thus affects the electron dynamics only very weakly.
Rotating-frame transformation. Within the single electronic band, the one-photon processes which normally dominate the optical response of materials are far off-resonant. However, the two-photon diamagnetic interactions include near-resonant processes [schematically shown in Fig. 1(b) ] in which laser photons are scattered into the cavity. When the driving is strong [41] , these processes become the principal coupling mechanism of the electrons to the cavity field fluctuations and dominate the dynamics. This becomes clear when we move into a frame co-rotating with the laser frequency ω L using the unitary transformation U (t) = exp −iω L tb † b , see Fig. 2 (a). This transformation does not affect the electronic Hamiltonian but changes ω c in H cav to δ c (|δ c | ω c ) and removes the explicit time dependence of the near-resonant two-photon diamagnetic interactions. In this frame, all the one-photon interaction terms oscillate rapidly at ω L , thus their effect on the electrons is proportional to ∼ 1/ω L .
In contrast, the effect of two-photon diamagnetic interactions (apart from an irrelevant energy shift) is proportional to ∼ 1/δ c 1/ω L . In this rotating frame, the near-resonant part of the two-photon diamagnetic interactions is given by
where S is the cavity area in the xy-plane and q = k,σ c † k+q,σ c k,σ is the electron area density in k-space. c k,σ annihilates an electron with quasi-momentum k and spin σ.
The interaction vertex reads g 0 = α I d 3 ω 2 c S/(2πm 2 Λω 2 L c 2 ), where α is the fine-structure constant.
Cavity-mediated interactions. The light-matter coupling given by Eq. (2) yields effective electron interactions through the process depicted in Fig. 1(b) : a laser photon scatters virtually off an electron into the cavity, where it gets rescattered by a second electron back into the laser beam. The fact that the two-photon diamagnetic interactions couple to the electron density [see Eq. (2)] allows us to apply some of the intuition from other boson-exchange interactions [42] . In particular, it means the exchange of virtual cavity photons (with effective frequencies δ c in the rotating frame) mediate density-density interactions between the electrons. The interactions will be attractive(repulsive) when δ c > 0(< 0), i.e. the driving laser is red(blue)-detuned from the cavity.
We obtain an effective electron interaction Hamiltonian for these processes by applying a Schrieffer-Wolff transformation (here and henceforth, we take only momentum conserving terms into account),
The expression for the bare interaction potential,
confirms our intuition that its strength is proportional to the driving intensity and can be tuned to be attractive or repulsive by the detuning. We note that this potential only depends on the momentum transferred between the two electrons and does not depend on the electron dispersion. Moreover, V (0) (q) is very localized in momentum space because the photon momenta are much smaller than electronic ones. Hence, this electron interaction is long-ranged in real space. In the following section, we will investigate how it is screened by the twodimensional electron gas.
Screening. Within the random phase approximation (RPA), the screened interaction potential in imaginary time formalism reads [49] ,
where D (0) (q) is the bare cavity photon Green's function in the rotating frame of the driving laser. We have used the four-vector notation withq ≡ {q, iq n } at momentum q and the bosonic Matsubara frequency, iq n = 2πnk B T / , n ∈ Z. k B is the Boltzmann constant and T is the temperature. χ RPA is the screened polarizability of the two-dimensional electron gas, and g RPA is the screened vertex of Eq. (2). We obtain χ RPA and g RPA for a parabolic band with an effective mass m * using results calculated in [43] and we present their expressions in the SM. Since q 0 k f , we are in the long-wavelength limit where only electrons near the Fermi surface contribute to screening. Thus, the results in [43] are valid in this limit for other single band dispersions [50] . The retarded interaction is obtained from Eq. (5) (a function in imaginary frequency) by analytic continuation to real (b) (a) The plasmon resonance ω pl (q0) is indicated by the grey vertical dashed line. The small irregularity below ω pl comes from the discontinuity of the 2D electron polarizability given in Ref. [43] . The cavity parameters used are ωc = 2π × 0.3 THz, δc = 0.1ωc, quality factor Q = 500 and Λ = 2.5/8 × 10 −5 . We set S ≈ 2.1 × 10 −5 λ 2 , where the proportionality constant is obtained from Ref. [36] . The driving intensity is I d = 3MWcm −2 . We use an electron density ne = 10 12 cm −2 and m * = 2m consistent with various 2D materials such at (gated) LAO/STO and monolayer TMDs [44] [45] [46] . The plasmon damping rate is set to 10% of plasmon frequency [47] . We consider a SrTiO3 substrate with a large r ∼ 10 4 at low temperatures [48] .
frequencies [51] : V RPA ret (ω) = V RPA (±q 0 e x , iq n → ω +iη), where η is a positive infinitesimal.
We show an example of the real part of the screened retarded interaction potential as a function of frequency in Fig. 2(b) . Here we also included finite Drude-like electron [52, 53] and cavity damping rates (see SM for details). Evidently, contributions to the interaction at small frequencies are strongly screened. The precise choice of the damping rates alters only the size of the dips at ω = ω pl and δ c but not the interaction potential in the broad region of frequency in between, thus it has little effect on the physics. In the present case where δ c > 0 the attractive cavity-mediated interaction softens the plasmons and the cavity frequency is weakly blue-shifted. This effect only becomes appreciable at very large laser intensities, and cannot be seen in Fig. 2(b) . Crucially, however, in the frequency range between the plasmon resonance and the detuning δ c , the interaction remains attractive (repulsive for δ c < 0) and is hardly affected by screening. We can understand this behaviour by looking at the expression for the screened interaction in more detail.
Since we are in the long-wavelength limit, we have χ RPA ∝ q 2 0 . Physically this means that the electrons are too slow to screen the fast oscillating electromagnetic fields and hence the cavity-mediated interactions can only be screened weakly. Corrections to the bare interaction become appreciable when ω approaches the plasmon resonance of the system. In a two-dimensional electron gas, the plasmon dispersion is given by ω 2 pl (q 0 ) = e 2 k f v f q 0 /(4π r 0 ) [54] , where v f is the Fermi velocity. This yields plasmon frequencies in the range ω pl /2π ∼ 4 GHz [for the parameters of Fig. 2(b) ]. Hence, it is only relevant at temperatures below T 30mK, as we will see in Fig. 3 . At higher temperatures, the Matsubara frequencies will not cover this low-frequency region and the cavity-mediated interactions cannot be screened effectively by the electron gas. They remain long-ranged interactions that can be imposed externally on the twodimensional electronic system.
Cooper channel instability. To gauge the strength of the cavity-mediated interactions that could be achieved experimentally, we consider the case of attractive interactions and study the Cooper instability they induce. This pairing instability occurs when a pair of electrons with opposite momenta and frequencies attract and repeatedly scatter off one another to cause a divergence of the pair scattering vertex Γ(k;p), wherek (p) is the incoming (outgoing) electron four-momentum [49, 55] . Γ(k;p) is obtained by solving a Dyson equation [41, 49] . As the photon momentum is very small compared to electronic momenta, we approximate the exact interaction by a δfunction potential in k-space, V RPA (q) ∝ δ(q), which simplifies the internal summations in the pair scattering ladder diagrams. We then numerically compute the temperature, T c , at which the pair scattering vertex diverges using the Dyson equation with the screened interaction potential within RPA for different choices of driving and cavity parameters (see SM for more details).
T c depends on the driving intensity, the cavity frequency and the detuning. In the following, we vary the detuning to obtain the highest critical temperature for fixed intensities. The results are shown in Fig. 3 , where the highest T c , T max c (filled markers), and the corresponding detuning δ op c (empty markers) are plotted against the intensity for four sets of electron and substrate parameters. We found that provided that ω c δ c and δ c is well above the plasmon resonance T c depends only very weakly on ω c once we fix δ c : a smaller ω c raises T c very slightly. We remark that the necessary intensities to induce T c ∼ 1 K are experimentally achievable with pulsed THz light sources [9, [60] [61] [62] [63] [64] Fig. 2(b) ]. We used ne = 3 × 10 11 , 5 × 10 10 cm −2 , r = 10, 13 for dual-gated BLG and GaAs based quantum well (QW) respectively [56] [57] [58] ; m * = 0.07m for GaAs QW [58] . ABstacked BLG dispersion is calculated as in Ref. [59] with a gate-induced band gap of 50meV. We used ωc = 10 δ op c . Fig. 3 shows that in order to achieve the highest critical temperature at a given driving intensity, one must also choose an appropriate detuning (and hence cavity and driving frequencies). We understand this by applying an approximation to the Dyson equation to estimate the Cooper instability temperature. The approximation amounts to retaining only the two fermionic Matsubara frequencies of the lowest magnitude in the Dyson equation [49] . This allows us to extract the critical temperature analytically, k B T c ≈ −2π −2 V RP A (q 0 e x , 2iπk B T c / )/S. Above the plasmon resonance, the interaction is effectively unscreened so for a perfect cavity [41] . For all values of T c , this is maximised when we choose δ op c = 2πk B T c / . We substitute the two relations above back into the approximate equation for the critical temperature to obtain T max c ∝ √ I d consistent with Fig. 3 and Eq. (6) . We note that a finite cavity decay rate reduces δ op c only slightly. We furthermore verified that the cavity photon population N ph remains low at T c (see colorbar in Fig. 3 ) when we use the optimal cavity and driving parameters [41] . This justifies neglecting two-photon diamagnetic interactions involving only the cavity modes (A 2 c terms). The decrease of N ph with higher driving intensity is due to the blue-shift of the cavity resonance (see the above discussion on screening) resulting in a lower thermal cavity population. Finally, we note that keeping δ c well above the cavity linewidth and the plasmon frequency suppresses the effect of cavity-induced heating or cooling [65] .
Conclusions. We showed that the combination of external driving and strong coupling to a cavity induces controllable long-range electron interactions in singleband 2D materials. Provided that the driving is detuned from the cavity further than the plasmon frequencies at the relevant wavevectors, the interactions cannot be effectively screened. The interactions are generated by two-photon diamagnetic processes. Therefore, they are largely independent of the electron band dispersion and can be induced on top of existing interactions. These induced interactions could be used to control or enhance existing instabilities or give rise to different quantum states through competition with other short-range interactions [66] [67] [68] [69] . To date, engineered long-range cavity-mediated interactions have mainly been studied in the context of ultracold atoms [66, [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] . Our proposal potentially opens the possibility to explore a vast range of novel physics related to unscreened controllable long-range interactions in condensed matter setups.
